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Abstract

This paper presents a systematic theoretical investigation of isotropic compact star within the framework of Rastall gravity,
emphasizing the influence of Rastall parameter on the stability and physical properties of compact stellar model PSR J0348+0432.
A static and spherically symmetric spacetime filled with a perfect fluid is considered, and the interior geometry of the compact
star is described using the Durgapal-Fuloria metric function. The stellar matter distribution is modeled as a two component
system consisting of normal baryonic matter and strange quark matter, where the quark phase is governed by the MIT bag model
equation of state. The unknown parameters of the model are determined by applying standard junction conditions, matching
the interior solution with the observed masses and radii of selected compact stellar candidates. The physical viability of the
obtained solutions is examined through a detailed analysis of matter variables, energy conditions, equation of state behavior,
mass function, and causality condition for different values of the Rastall parameter. The results confirm that the resulting stellar
configurations remain stable, well behaved, and physically acceptable within Rastall gravity, supporting its effectiveness as an
alternative framework for modeling realistic compact stars.
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1. Introduction

The search for consistent extensions of Einstein’s general theory of relativity (GTR) has inspired a
wealth of alternative gravitational frameworks. Among various alternative approaches, Rastall theory
(henceforth RT) has emerged as a particularly intriguing and distinctive formulation [26, 27]. By relin-
quishing the conventional postulate of strict energy-momentum conservation, black hole allows for a non
vanishing divergence of the energy momentum tensor (EMT) in curved spacetime, thereby instituting a
non minimal coupling between matter and geometry. This coupling redefines the classical correspon-
dence between gravitational curvature and the distribution of energy. This departure has been the subject
of sustained criticism as scholars argue that the apparent non conservation of EMT represents a serious
deviation from the principles of classical physics. Also, some researchers contend that this deviation
can be viewed as a natural consequence of spacetime curvature or as an indication of net energy cre-
ation in certain physical systems [27, 39, 9, 14, 15]. Further debate has arisen due to the absence of a
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fully formulated Lagrangian representation for RT, prompting questions regarding the theory’s internal
consistency and completeness. This is particularly in contrast with the rigorous variational formulations
underlying GTR. Despite these conceptual challenges, the theoretical versatility and predictive capacity of
the framework are evident across a broad range of applications. Its parametrized deviation from classical
theory facilitates the construction of novel spherically symmetric stellar models [21], enabling detailed
investigations into the equilibrium, stability and internal structure of compact objects under extreme con-
ditions. Beyond isotropic configurations, RT has been successfully employed to model the isotropization
and complexity reduction of matter distributions [22, 23]. Sohail et al. [37] investigated anisotropic com-
pact stellar structures in modified Rastall teleparallel gravity using minimal geometric deformation and
verified equilibrium and stability. The stability analyses of anisotropic stellar structures using the cracking
method [19] have further demonstrated the robustness of this theory in describing realistic astrophysical
systems. Das et al. [10] analyzed charged anisotropic strange star models in RT using the MIT bag model
and confirmed stability and physical viability. Additionally, the implementation of Durgapal-Lake solu-
tions within this framework has allowed for a systematic exploration of compact stellar configurations,
revealing subtle dependencies of physical properties on the non-minimal coupling parameter [44, 42, 43].
A growing number of investigations emphasize the sustained significance of RT as studies have exam-
ined its role in compact object modeling and in clarifying the connection between matter and geometry
[35, 38, 34, 40, 41, 29, 32, 4]. Mustafa et al. [20] studied anisotropic compact stellar models in Rastall
gravity and confirmed their physical acceptability and stability under observational constraints. These
investigations establish RG as a versatile and empirically significant paradigm that sustains theoretical
innovation and supports observational progress in modern astrophysics and cosmology.

Alongside the gravitational modifications introduced by RT, the composition of matter within compact
stars plays a crucial role in determining their physical behavior. Strange quark matter is widely regarded
as a prime candidate for the most stable form of baryonic matter, composed of deconfined up, down, and
strange quarks under extreme density conditions. Itoh [18] first suggested that if baryons are made of
fundamental constituents, these particles may exist freely in the interiors of ultra-dense stars, giving rise
to quark or hybrid star configurations. At sufficiently high densities and temperatures, quarks behave
almost independently due to asymptotic freedom [12]. Witten [45] proposed that strange matter can form
either via a quark–hadron phase transition in the early universe or through the conversion of neutron stars
at ultrahigh densities. Cheng et al. [7] described the realistic strange quark matter in beta equilibrium
as an almost equal mixture of up, down, and strange quarks, with a slight under-abundance of the
strange component. Bodmer [2] argued that at densities exceeding nuclear thresholds, a transition from
hadronic to strange quark matter could occur during supernova explosions, making it a viable constituent
of neutron star cores. In addition, quark matter has been applied in galactic contexts. Rahaman et al.
[25] demonstrated that modeling the galactic halo with quark matter produces a gravitationally attractive
spacetime consistent with observed flat rotation curves. More recent studies have further explored strange
quark stars in various modified gravity frameworks and higher-dimensional scenarios, highlighting their
structural properties and mass–radius relations [8, 13, 17, 24, 31, 36].

Extending this line of inquiry, refined metric constructions have proven indispensable in capturing
the delicate gravitational architecture that governs compact stellar systems. Among them, the Durgapal-
Fuloria solution [11] holds a distinguished place. The mathematical consistency of this model adherence
to basic physical constraints. The adaptability to diverse matter distributions make this model particularly
suited for the study of dense relativistic objects. This framework has therefore been employed in different
gravitational scenarios to investigate stability and dynamical behavior [28, 30, 33]. Understanding the
internal structure and stability of compact stellar objects requires the realistic modeling of both their
geometry and matter composition. This work analyzes the isotropic stellar configurations using a two-
fluid model that incorporates ordinary baryonic matter alongside strange quark matter. Section 2 derives
the interior solutions of the field equations for this model, while Sect. 3 employs a well-behaved metric
to describe the stellar interior. In Sect. 4, boundary conditions are applied, and the physical viability of
the models is examined through causality, energy conditions, and mass–radius relations. Finally, Sect. 5
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summarizes the main results and highlights their significance for hybrid star configurations in modified
gravity.

2. Interior Solution in Rastall Gravity with Two-Fluid Isotropic Model

In the framework of classical GTR, the EMT Tαβ is postulated to obey the conservation condition

∇βT
β
α = 0, (1)

ensuring precise local conservation of energy and momentum. Rastall [26] proposed a compelling gen-
eralization of this fundamental principle, wherein the divergence of the EMT is directly coupled to the
derivative of the Ricci scalar. This extension gives rise to a generalized gravitational formalism, elegantly
expressed as

∇βT
β
α = Jα, (2)

where Jα vanishes in flat spacetime but assumes non-zero values in the presence of curvature. Specifically,
one may define

Jα = Φ∂αR, R = gαβRαβ, (3)

with Φ representing a constant coupling parameter. Accordingly, the field equations within RT are
formulated as

Rαβ −
1
2
gαβR+ κΦgαβR = κTαβ, (4)

where κ denotes the gravitational coupling constant. Introducing the dimensionless Rastall parameter
Φ = κΦ, the field equations become

Gαβ +ΦgαβR = κ
4Φ− 1
6Φ− 1

Tαβ. (5)

It is noteworthy that the parameter values Φ = 1/4 and Φ = 1/6 are inadmissible, as they induce singular-
ities within the governing equations. To investigate a static, spherically symmetric interior configuration,
the line element is considered as

ds2 = −eν(r)dt2 + eµ(r)dr2 + r2dθ2 + r2 sin2 θdϕ2, (6)

where ν(r) and µ(r) are functions of the radial coordinate r. The matter distribution is modeled as a
two-fluid system with isotropic pressure, characterized by the effective EMT

T 0
0 = ρRaseff = ρRas + ρRasq , T 1

1 = T 2
2 = T 3

3 = −(pRas + pRas
q ), (7)

where ρRas represents the conventional matter energy density, ρRasq accounts for the contribution from
the secondary fluid, and p and pq denote their respective isotropic pressures. Consequently, the total
effective pressure is peff = p+ pq.

Within this setup, the Rastall modified field equations governing the interior geometry are expressed
as:

8π
(

4Φ− 1
6Φ− 1

)
(ρRas + ρRasq ) =

1 − e−µ

r2 +
µ ′

r
e−µ +Φe−µ

(
ν ′′ + (ν ′)2 + ν ′µ ′

−
2
r
(µ ′ − ν ′) −

2(eµ − 1)
r2

)
, (8)

8π
(

4Φ− 1
6Φ− 1

)
(pRas + pRas

q ) = −
1 − e−µ

r2 +
ν ′

r
e−µ −Φe−µ

(
ν ′′ + (ν ′)2 + ν ′µ ′

−
2
r
(µ ′ − ν ′) −

2(eµ − 1)
r2

)
, (9)

8π
(

4Φ− 1
6Φ− 1

)
(pRas + pRas

q ) =
e−µ

4

(
2ν ′′ + (ν ′)2 +

4ν ′

r
−

2µ ′

r
− ν ′µ ′

)
−Φe−µ

(
ν ′′ + (ν ′)2 + ν ′µ ′ −

2
r
(µ ′ − ν ′) −

2(eµ − 1)
r2

)
. (10)
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The thermodynamic behavior of quark matter within the stellar interior is modeled through the MIT
bag equation of state (EoS), which establishes a linear relationship between pressure and energy density,
expressed as

pRas
q =

1
3
(ρRasq − 4Bg), (11)

where (Bg) denotes the bag constant, encapsulating the energy difference between the perturbative and
non-perturbative vacua of quantum chromodynamics. This parameter is a fundamental characteristic of
quark confinement and serves to quantify the intrinsic vacuum pressure resisting de-confinement. For
the conventional baryonic matter, we adopt a barotropic form for the pressure, assuming direct propor-
tionality with the corresponding energy density:

pRas = mρRas, (12)

where m is the dimensionless parameter constrained within the physically admissible range (0 < m < 1),
explicitly excluding (m = 1

3 ) to avoid degeneracy with radiation-like behavior.

3. Durgapal-Fuloria Spacetime

In order to obtain an exact interior configuration within the adopted gravitational framework, we
employ the Durgapal-Fuloria [11] metric potential, a well-known ansatz frequently utilized in modeling
relativistic stellar interiors owing to its regular behavior and analytic conformity. Within this scheme, we
adopt the following forms for the temporal and radial metric components

eµ(r) =
7(1 +Ar2)2

7 −Ar2(10 +Ar2)
, eν(r) = B(1 +Ar2)4, (13)

where A and B are constants to be determined from the boundary and physical conditions. Incorporation
of Eq. (13) into the governing equations (8)–(12) allows the determination of the matter density and
pressure of the stellar configuration. Accordingly, the energy density and pressure of the ordinary matter
and quark matter are given by

ρ(r)Ras =
28Bg

7(−1 + 3m)
+

1
π(1 +Ar2)4(−1 + 4Φ)

(
A(−1 + 6Φ)

(
3 − 12Φ+

Ar2(−41 − 236Φ+Ar2(−51 + 460Φ+Ar2(−7 + 44Φ)))
))

, (14)

p(r)Ras =
m

7(−1 + 3m)(π(1 +Ar2)4(−1 + 4Φ))

(
A(−1 + 6Φ)

(
3 − 12Φ+

Ar2(−41 − 236Φ+Ar2(−51 + 460Φ+Ar2(−7 + 44Φ)))
))

+
28mBg

7(−1 + 3m)
, (15)
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ρRasq (r) =
−1

7(−1 + 3m)(π(1 +Ar2)4(−1 + 4Φ))

(
A(−1 + 6Φ)(−(1 +Ar2)

(−4 + 9m+ 2A(7 +m)r2 +A2(2 +m)r4) + (1 +m)(−3 +

Ar2(−59 +Ar2(115 + 11Ar2)))Φ)

)
+

28Bg

7(−1 + 3m)
, (16)

pRas
q (r) =

−1
7(−1 + 3m)(π(1 +Ar2)4(−1 + 4Φ))

(
3A(−1 + 6Φ)(−(1 +Ar2)

(−4 + 9m+ 2A(7 +m)r2 +A2(2 +m)r4) + (1 +m)(−3 +

Ar2(−59 +Ar2(115 + 11Ar2)))Φ)

)
+

28mBg

7(−1 + 3m)
. (17)

4. Interface Matching and Stellar Structure

To investigate the geometry and distinctive attributes of celestial entities, a seamless link among the
interior and external geometries of celestial objects is required. Using this technique, the Schwarzschild
geometry is considered, given by

ds2
+ = −

(
1 −

2M
r

)
dt2 +

(
1 −

2M
r

)−1

dr2 + r2(dθ2 + sin2 θdϕ2), (18)

where M indicates the star’s internal total mass. The functions gtt and grr are continuous at r = R,
providing

1 −
2M
R

= B(1 +AR2)4, (19)(
1 −

2M
R

)−1

=
7(1 +AR2)2

7 −AR2(10 +AR2)
, (20)

Equations (10) and (11) may be adopted to assess the parameters (A,B) corresponding to the radius and
mass, resulting in

A =
7M

−7MR2 + 6R3 + 2
√

R5(−14M+ 9R)
, (21)

B =
−2M+R

R(1 +AR2)4 . (22)

Moreover, the bag constant Bg follows directly from the requirement that the radial pressure must vanish
at the stellar boundary. Imposing the condition ( p(R) = 0 ) on the pressure profile yields the closed form
expression for bag constant given below.

Bg = −
A(−1 + 6Φ)

28π(1 +AR2)4(−1 + 4Φ)

(
3 − 12Φ+AR2(−41 − 236Φ

+ AR2(−51 + 460Φ+AR2(−7 + 44Φ)))
)

. (23)

To represent our model graphically, it is essential to select reasonable values for the parameters A and B.
For this purpose, we determine the values of A and B by considering the strange star PSRJ0348 + 0432,
which has an estimated radius R = 10.29+1.01

−0.86 km and a mass M = 1.44+0.06
−0.07 M⊙.
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Figure 1: Energy density and pressure with Φ = 0 (black), Φ = 0.0021 (Magenta), Φ = 0.0041 (blue), Φ = 0.0061 (Green), and
Φ = 0.0081 (Red).
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Figure 2: Quark energy density with Φ = 0 (black), Φ = 0.0021 (Magenta), Φ = 0.0041 (blue), Φ = 0.0061 (Green), and Φ = 0.0081
(Red).

4.1. Significance of Matter Constituents in Stellar Modeling
Whenever investigating celestial models, it is crucial to understand that compact entities exhibit higher

matter density and pressure inside their celestial formations. Figure 1 depicts energy density and pressure
variations for different values of Rastall parameter. Moreover, the profile of matter density corresponding
to the quark matter is shown in Fig. 2. The figure shows that quark density is positive inside the fluid
sphere.The Durgapal-Fuloria assumption with Φ = 0 is used in these representations to show the typical
GR findings. At the star’s core, precisely at r = 0, the restrictions for maximum density and pressure are
stated as:

dρRas

dr
= 0,

dpRas

dr
= 0,

d2ρRas

dr2 < 0,
d2pRas

dr2 < 0. (24)

Figure 3 demonstrates how matter components vary between star candidates with different Rastall pa-
rameter values. Notably, pressure and energy density are most intense at the star’s center and decrease
as one moves outwards in the stellar model. This steady decline underlines the presence of thick and
compact cores, with pressures approaching zero at the stellar edge. The juxtaposition of the pressure and
concentration of energy values with the maximality constraints given in Eq. (24) confirm the formally
reasonable and cohesive state of the matter components under this assumption.

4.2. Constraints on Energy Distribution
Energy constraints are crucial for characterizing the emergence and arrangement of matter. These lim-

its help differentiate conventional from unusual matter distributions within stellar structures and serve to
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Figure 3: Differential form of density and pressure with Φ = 0 (black), Φ = 0.0021 (Magenta), Φ = 0.0041 (blue), Φ = 0.0061
(Green), and Φ = 0.0081 (Red).

verify the consistency of the proposed theoretical model. Within the context of RT, for a fluid configura-
tion exhibiting isotropy, these constraints can be expressed as:

• Null : ρRas + pRas ⩾ 0,

• Weak: ρRas ⩾ 0, ρRas + pRas ⩾ 0,

• Strong: ρRas + 3pRas ⩾ 0,

• Dominant: ρRas − pRas ⩾ 0.

The behavior of energy conditions illustrated in Fig. 4 demonstrates that all conditions are satisfied,
implying that the stellar configuration consists of standard matter. The satisfaction of these conditions
further reinforces the physical consistency of the Rastall framework.

4.3. Characterization via Equation of State
The EoS provides a fundamental framework for describing the thermodynamic behavior of matter un-

der prescribed physical conditions. The EoS parameter represents a dimensionless measure that quantifies
the correspondence between internal pressure and energy density. In the context of RT, this parameter
can be formulated from Eqs. (8) and (9) as

ωRas =
pRas

ρRas
.

Figure 5 depicts the variation of ωRas for a selection of compact stellar objects. The analysis demonstrates
that ωRas consistently lies between 0 and 1, indicating the presence of conventional, non-exotic matter
within these highly dense configurations.
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Figure 4: Illustration of energy distributions with Φ = 0 (black), Φ = 0.0021 (Magenta), Φ = 0.0041 (blue), Φ = 0.0061 (Green),
and Φ = 0.0081 (Red).

4.4. Compactness and Surface Redshift of Star
Following the work of Buchdahl [3], a spherically symmetric object with isotropic pressure is subject

to an upper limit on its mass-to-radius ratio, satisfying M
R

< 4
9 . For the present model, the gravitational

mass corresponding to a given radius can be expressed as:

MRas = 4π
∫R

0
r2ρRaseff dr.

The ratio of mass to radius, often referred to as the compactness parameter, is defined by

uRas =
MRas

R
.

The surface gravitational redshift (zs) plays a crucial role in revealing the correlation between the stellar
constituents and the equation of state. When expressed in terms of compactness, the gravitational redshift
takes the form:

zRass =
1√

1 − 2uRas
− 1.

The distributions of mass, compactness, and gravitational redshift are depicted in Figure 5. It is ap-
parent that the mass begins at zero at the center and grows steadily toward the stellar boundary, demon-
strating a regular and stable internal structure. The compactness curve adheres to the upper Buchdahl
limit (M

R
< 4

9 ), and the redshift values lie within the expected bounds for isotropic configurations (zs ⩽ 2)
[3, 1].



S. Naeem, A. Waseem, J. Mod. Trends Math. Sci., 1 (2025), 1–13 9

2 4 6 8 10
r(k�)

0.5

1.0

1.5

2.0

2.5

M
Ras

2 4 6 8 10
r(k�)

0.05

0.10

0.15

0.20

0.25

u
Ras

2 4 6 8 10
r(k�)

0.1

0.2

0.3

0.4

Zs
Ras

2 4 6 8 10
r(k�)

0.5

1.0

1.5

ω
Ras

Figure 5: Role of mass, compactness, and redshift with Φ = 0 (black), Φ = 0.0021 (Magenta), Φ = 0.0041 (blue), Φ = 0.0061
(Green), and Φ = 0.0081 (Red).

4.5. Stability Analysis of Stellar Configurations
The physical plausibility of astrophysical models can be rigorously evaluated through their response

to external perturbations. Structural stability constitutes a fundamental criterion for the acceptability
and realism of any proposed stellar model. To investigate the stability of the selected compact objects,
several diagnostic measures are employed, including the speed of sound and the adiabatic index. These
parameters offer critical insights into the internal behavior of the configuration under varying conditions,
allowing a comprehensive assessment of its robustness and physical reliability. The square of the sound
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3

Γ
Ras

Figure 6: Role of square speed of sound and adiabatic index with Φ = 0 (black), Φ = 0.0021 (Magenta), Φ = 0.0041 (blue),
Φ = 0.0061 (Green) and Φ = 0.0081 (Red).
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speed, defined as

v2
s =

dpRas

dρRas
,

must remain within the causal bounds 0 ⩽ v2
s ⩽ 1 to ensure a stable stellar structure [16]. In addition,

the adiabatic index serves as a key indicator of dynamical stability [5, 6], which for isotropic matter
distributions is given by

Γ =
ρRas + pRas

pRas

dpRas

dρRas
.

Within the relativistic framework, a configuration is considered dynamically stable if the adiabatic index
satisfies Γ > 4/3 [30].

Figure 6 demonstrates that examined star comply with both causality constraints and the adiabatic
stability criterion for selected values of the parameter Φ. Consequently, the compact objects display
coherent and physically consistent behavior in accordance with the Durgapal-Fuloria ansatz within the
framework of Rastall gravity.

Table 1: Comparison of key physical quantities in GTR and RT.
Physical Quantity Φ = 0 (GTR) Φ = 0.0061

Central density ρRasc (gm/cm3) 6.08637 × 1014 5.8575 × 1014

Central quark density ρRasqc (gm/cm3) 2.41331 × 1013 3.37435 × 1013

Central pressure pRas
c (dyne/cm2) 4.37606 × 1035 4.2115 × 1035

Mass (km) 2.61429 2.57765
Compactness 0.2615 0.2579

5. Conclusions

In this study, we explored the physical characteristics of compact stellar objects within the framework
of RT, employing the Durgapal–Fuloria ansatz to construct a viable interior solution. By examining the
physical behavior, matter distribution, stability criteria, and gravitational attributes of the considered
stars, we demonstrated that the proposed model aligns well with fundamental physical requirements and
offers an internally consistent description of dense astrophysical systems.

The analysis is supported by a detailed investigation of the energy density, pressures and related
physical indicators for several chosen values of the Rastall parameter. The graphical interpretations pro-
vided throughout the work highlight the influence of modified gravity on stellar structure and confirm
the credibility of the obtained solutions.

To consolidate the findings, the main outcomes of the paper are summarized below:

• Matter Profiles and Gravitational Behavior: Figure 1 illustrates the radial evolution of energy
density and pressure for several choices of the Rastall parameter. Both quantities achieve their
maximum values at the stellar center and decrease monotonically towards the boundary, ensuring
a physically coherent interior structure.

• Quark Density Regularity and Positivity: The distribution of quark matter displayed in Fig. 2
remains strictly positive throughout the configuration. This confirms the physical admissibility of
the quark component and supports the suitability of the Durgapal-Fuloria ansatz for describing
ultra-dense matter.

• Influence of the Rastall Parameter on Stellar Composition: Figure 3 depicts the impact of varying
the Rastall parameter on the matter variables. The resulting profiles remain smooth, stable, and
well-controlled, indicating that modifications introduced by RT do not compromise the physical
regularity of the system.
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• Fulfillment of Classical Energy Conditions: Figure 4 demonstrates that all standard energy condi-
tions hold throughout the star. This verifies that the stellar matter is entirely non-exotic and adheres
to the fundamental physical expectations for realistic compact objects.

• Equation of State Behavior: The variation of the EOS parameter ωRas presented in Fig. 5 consis-
tently satisfies 0 < ωRas < 1. This confirms the presence of conventional, non-exotic matter within
the ultra-dense environment of the star.

• Mass, Compactness, and Redshift: The mass function grows monotonically, the compactness factor
remains below the Buchdahl limit (2M/R < 8/9), and the redshift profile remains finite and well-
behaved. These results collectively verify that the configuration satisfies all essential constraints
imposed by general relativistic compactness bounds.

• Causality and Adiabatic Stability: Figure 6 confirmed that the stellar structure satisfies the causality
condition 0 < v2

s < 1 and obeys the adiabatic stability requirement for the considered values of Φ.
These conditions demonstrate that the system remains dynamically stable under perturbations.

Furthermore, it is important to emphasize that the introduction of RT does not compromise the phys-
ical viability of the stellar configurations. While variations in the Rastall parameter modify the internal
matter distribution. These changes are moderate and controlled. Specifically, as the Rastall parameter
increases, the pressure and the energy density decrease, while the quark matter density ρq increases.
Despite these variations, all matter variables maintain smooth radial profiles, positivity and adherence to
classical energy conditions, while causality and stability criteria are satisfied throughout. The solutions
also smoothly recover the general relativistic limit for Φ → 0, confirming the internal consistency of the
model within RT.

Overall, observations endorse that RT serves as a suitable and physically captivating framework for
simulating ultra-dense star objects. The current model is singularity-free, realistic, dynamically stable, and
complies with all main physical criteria. Thus, this study provides a thorough and physically credible
description of compact stars impacted by changed gravitational dynamics, thereby setting the ground-
work for future empirical and theoretical investigations. Meanwhile, the proposal’s robustness naturally
opens up avenues for further investigation, including modifications to rotating systems, anisotropic mat-
ter dynamics, alternative quark-matter EoS, and potential collisions with subsequent astrophysical or
gravitational-wave observations.
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