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Abstract

Several novel generalized integral inequalities for (,s, m,) —convex functions are established in this study. Trapezoid,
Bullen, and Simpson’s like inequalities for (£, s, m,) —convexity were obtained as specific examples. By utilizing conventional
inequalities like Holder inequality, we have used a very traditional methodology.Improved Power-mean inequality and Ican
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and classical Euler-Gamma functions. Lastly, we also provide various means application.
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1. Introduction

A study of convex sets and geometry in the 19th century gave rise to the idea of convex functions.
Mathematicians like Augustin-Louis Cauchy and Hermann Minkowski, who investigated convex shapes
and inequalities in geometry, are credited with developing early concepts linked to convexity. The devel-
opment of convex analysis, which linked geometry, calculus, and optimization theory, led to the formal
formulation of convex functions (see [1]-[9]). Convex functions rose to prominence in a number of math-
ematical domains during the 20th century, including economics, optimization, and functional analysis.
Contributions to the field were made by scholars such as Albert W. Tucker and Harold W. Kuhn, who
introduced the renowned Kuhn-Tucker conditions and convex optimization. Convex functions are now
the cornerstone of contemporary optimization theory and are essential to fields like economics, machine
learning, and operations research.

Convexity of the theory has acted as an influential practice to study a different type of class with
distinct issues in applied and pure literature of the natural sciences. Several courses and articles have
been printed by numeral of mathematicians on convex functions and inequalities for their altered classes,
using, e.g, the articles (see [10]-[14]) and the references therein. There are some basic and vital definitions
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related to the idea of convexity of a functions.

The following definition can be seen in the different related literature (see [13]).

Definition 1.1. A mapping T:J C R — R is called convexity, if
T(Vb3 + (1 —Vbg) < VT(b3) + (1 — V)T (by)
Vb3,bs €Jand U € [0,1].
It will be concaved, if above is reversed.

Definition 1.2 ([7]). A mapping ¥ : [0, c] — 930=[0, co[ is called m,—convexity for some m, €]0,1], ¢ > 0,
if we have
T(Vbz +my (1 —V)bs) < VT(b3) +my (1 —V)T(bg)

for all b3,by € [0,c] and U < [0, 1].
Definition 1.3 ([8]). A mapping T : [0,c] — MRy is told to be (&, m,)—convexity for (&, m,) €]0, 12, ¢ >0, if
T(Wo3 +m, (1—B)hy) < VET(bs) + m, (1 — V)T (by)
Vb3, by €[0,c] and U € [0, 1].
Suppose K?l is the set of (&, m, )—convexity on [0, c].
Definition 1.4 ([9]). A mapping T:J C R — Ry is told to be s—convexity (in the 2™4-type sense) if
T(Vb3 4 (1 —V)hy) < V*T(b3) + (1 —V)*T(bs)
Vbs3,bs €3J,0 € [0,1] and for some s € ]0,1] .
Definition 1.5 ([10]). A mapping T:J C R — R is called extendable s—convexity, if
T(Vb3 4 (1 —V)by) < V3T(b3) + (1 —V)*T(bs)
V bs3,bg €3F,0 €]0,1[ and for some s € [—1,1].
Definition 1.6 ([11]). A mapping T : [0,c] — Ry is told to be extendable (s, m,)—convexity, if
T(Vbz +my (1 —V)hy) <V T(b3) +m, (1 —U)°T(hy)
Vb3, bs €[0,¢] , 0 €]0,1[ and for some (s, m,) € [—1,1]x]0, 1].

The Hermite-Hadamard inequality has been extendable, generalized, counterparted, and improved
for several classes of convex maps by the mathematicians working in computational and applied area
mathematics. We refer the reader to References (see [7]-[10]).

Numerous writers have demonstrated a number of inequalities or inequalities for convexity, as the Os-
trowski like inequality, Hardy type inequality, and Cebysev type inequalities; however, the most prevalent
and significant inequality is the Hermite-Hadamard type inequality (see [16]- [21]), which is defined as:

Theorem 1.7. A mapping T :J C R — R is a convexity in J and b3, by € J , b3 < ba, then

E<b3+b4> 1 J"‘* T(b3) +T(by)

< <0
5 T, ), Sway >
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The Hermite-Hadamard inequality, dating back to 1883, is often viewed as one of the highly practi-
cally significant inequalities in the field of analysis in mathematical. Another name for it is the classical
form of the H-H inequality.

Theorem 1.8. Suppose a mapping ¥ : J C R — R is differentiable in J°, b3,by € J°, b3 < by. If |T'| is convex
on the [bs, b4] closed interval, then
(ba —b3) (I (b3)] + T (ba)])

‘Z(‘Ii)d%’ < 3 .

Ths)+Ths) 1 Jb4
2 by —b3 Jp,

In this paper, we discuss some ideas about (&, s, m, )—convexity and develop several inequalities related
to Hadamard- type for such mapping whose two times derivative is (, s, m,)—convex.

2. Some Important Definitions
Now we develop some new idea related to (&, s) and (&, s, m, )—convexity.

Definition 2.1. [12] Consider a transformation T : J C R — R is called (&, s)—convexity, if we have
(Vb3 + (1 —V)bs) < V=T (b3) + (1 —V5)5T(by)
V b3,by € T and U € (0,1) and for some s € [—1,1] and & €]0, 1].

Definition 2.2. [12, 13] Consider a transformation ¥ : [0, c] — R is told to be ( &, s, m,)—convexity, if we
have
T(Wbs +m, (1 —V)by) < VE5T(h3) +m, (1 —BVE)ST(by)

Vb3, bs € [0,¢], U €]0,1[ and for some s € [—1,1] and (&, m,) €]0,1]2.

Here KZ’ml is the set of (£,s, m,)—convexity on [0, c].
Some Important Note :

1. Consider a transformation ¥ is an (&, m,)—convexity in |0, c], if we take s = 1.

2. Consider a transformation ¥ is extendable (s, m,)—convexity in |0, c], if we take 1=¢ .
3. The mapping T is extended s—convexity in |0, c], if we take m, =1=¢§.

4. The ¥ is a convexity in |0, c], if we take & = m; = s = 1.

Remark 2.3. Let & € (0,1] . Then
1. If s €] —1,1], we have

1
U(g,s) = JO %(1—%)(1—%5)%%:;[6 <Z,s+1> — 5(2,s+1>]. (2.1)

U)o 10, (3) (2
L i dm_a[ly<£> w(aﬂ. 22)

3. Now we use the fact that Y& > U,V & € (0,1] and U € [0,1]

2. If s =—1, we get

(1 —‘IIE)S < (1—2)% ; forsome s € (0, 11.

We multiplying the term 2 (1 — ) and taking integral on the [0, 1], we have

1 1
. . £NS o . &s — 1
v n—ma-wy W < wi-wn-nt v -
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See the following literature in [13], E-gamma and Di-gamma functions as described by

1 1
Mw) :J Y leTdy, Bluv) = J w11 —0)vlay (2.3)
0 0
and v . .
dinT(u e~ e U
Y(u) = Tan JO |: ¥ 1_ e—‘U] sy (2.4)
for u,v > 0.

Proof. Consider that u = U& for Y e [0,1]. If s € (—1,1], we have

1
J B(1—V)(1— U5y
0

1
J (U.z/a_l —u3/‘£_1) (1—u)su
0

2 3
s+1,— | —P({s+1,=-]].
(o1 f)-s(12)
where s = —1, from the formulas

119 _  ¢o7z—1 o0
‘P(ZH—VJ ld%, and vy J (1—e_m> @
o 1-9

M= )=

It can be easily to find

'pl-w) 1 (tuEl_y¥E g (3 2
e =] = () v (E)) 29

which is completed. O

Throughout the paper we consider ° is the interior of <.

3. Main Results

Firstly, we proposed the modification of the Lemma 1 in [14] and then We gave the new integral
inequalities of the Hadamard type by pointing (&, s, m,)—convexity, so we require Lemma as defined
below:

Lemma 3.1. Suppose a mapping T : J C R — R is two times differentiable on J° of an interval J in R, where

b3,ba € J, b3 < by If T € Ly (b3, bal, then for B € [0,1] and n > 1, we have the following generalized identity

L [z(b3)+(n—1) {z (b”(“_l)b“) +T <(“_1)b3+b4>}+z(b4)}
2n n n

1
- J T () 4V
b4 - b?) b3

2 1
_ w“ U (1—9) 5" <mm_131b3’+b4+(1—‘3)|73> dy

2n3 0
1
+J Y(1-0) T <m4+(1_m)b3+(n—1)b4> .
0 n
1
~|—(n—2)3J

Y(1—-Y) T (mw_”b‘*Jr(l—m)m_l)W‘) dm]. (3.1)
0 n n
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Proof. It suffices to note that

(m—mf[

(n—1)b3+by
2n3 n +

1
J U(1-2) T/ <‘ZT (1—2) b3> EDs}
0
1
[ wn-w (mﬁu_m) b+(nn—1)b> .
0
1
+n-27| ot
n

V(1—u) T (mww‘ﬂl—m)
0 n

az]

. 2
= B i m-20n) (3.2)

1
I - JO T (1—)F" (m(n_l)b“’”‘* +(1-2) b3) du

(Ibp)Integrating by parts, we have

1
- __n J(l—Z‘ﬁ)E’(‘B (“_1)b3+b4+(1—m)b3>dm

b4_|73 0 n
2 _ 3 (nflif3+b4
= n z{z(b3)+z<(“ 1)b3+b4>} 2n . T (W) a4y,
(bs —bs) n (b4 —b3) Jo,
and
1 —_
I = J 1-vy %7 (%bﬁ—(l—‘l}) b3+(r; 1)b4> g
0
Ibp, we have
1 —
= - J(l—Z‘II)T ij4+(1_m)w s
bAJL_I73 0 n
2 _ 3 b
(b4 =b3) n (g —b)* Jatin i
and
1 — I
L = JW (1-9)%" <mb3+(1 s | [n 131b3+b4 (1—%)) 4y
0

Integrating by parts, we find

_ n 1 (3t (m=Dbs  (n—1)b3+bs
= gy 20T (B I ) e
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- n? b3+ (n—1)by (n—1)b3+ by
(n—2)2(b4—b3)2{5< n >+S< n >}

m3 ba+(n—1)by
n n

 (n—2)3(bg —b3)3 vy T (V) 4,
combining I3, I; and I3 with (3.2) and we get (3.1). ]

As a case for n, we have the Remarks as below:

Remark 3.2. When n = 1, the equality (3.1) reduces to

T (b3) + % (ba) 1 (™ (ba —b3)2 [, [*
2 _b4—b3J S(X) dx = |:2JO

> V(1 —V)T" (Vg + (1 —V)b3) AV
b3

1
— J U (1—0)T" (Vbz + (1 — V) by) d%].
0

Remark 3.3. When n = 2, the equality (3.1) reduces to

1 b3 + by 1 b4
1 |:T(b3) + 2% <2> +‘Z(b4) :| — |74—b3 Jbs ‘I(X) dx

2 1
_ a—ha)? U 2 (1—) {s" (mb:%;b“ L (1—) b3> % (mm(l—m) bf‘”“) }d%] -

6 | 2
The equality in Remark 3.3 is proved in (Lemma 2.1, [12]).

Now we generate some new inequalities related to Hadamard types integral for (&, s, m, )—convexity.

Theorem 3.4. Suppose a mapping T : J C (0, <] — R is two times differentiable on J° of the interval J in

m,

R, where b3, by € (0,c*] with by < by If T € L;b3,bal and | " is (&, s, m,) —convexity on (0, n%] for
(§,m,) €10,11% and s € (—1,1], then below holds:

IM(T; 1, b3, by

G — by 2 T [ |57 () | o 57 (2)[4157 () |37 ()
<
R [ (&5 +2) (Es+3)

YU (b3+(n—1)b4) +m, [T ((n—l)b3+b4>
3 n
+n-2) { (Es+2) (Es +3) ] )

where M(E;n, b3, by) is the left hand side of Lemma 3.1.

Proof. With equation (3.1) and using the (£, s, m,)—convexity of | | and the property of modulus, we
obtain

(3.4)
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IM(%T;m, b3, b4)l
2 1
Lo o

21’13 0

T/ (m_l)bﬁb‘*) ‘ +m, (1-2%)° | <b3> D 4y
n my

T,,(bg,—l—(ﬂ—l)b;;)‘ > d‘B}

mn

‘I”(b3+(n_1)b4>‘+ml (17%5)8 E,,((n—l)b3+b4>‘ >d2]].
n m,n

Employing Remark 2.3 and using the calculas tools, we get (3.3).

1
+J T (1-9) (mis T (bg)] +m, (1—25)°
0
1

+(n2)3J

T (1— ) (mis
0

O

The obtained general integral inequality gives some renowned inequalities by substituting particular
values of n.

Remark 3.5. (a) For n =1 in (3.3), it becomes Trapezoid type inequality

L ) 5 60— —— [ 5 () aw
g A _b4—b3L3

ba—bs)? [ 2157 )l +2m |37 ()] (157 sl +m |27 (30|

(b) For n =2 in (3.3), it becomes Bullen type inequality

1 b3 + by 1
4[1(b3)+2z< : >+‘I(b4)}—b4_b3L3§(%) dﬁj‘

< (a—ba) H T (25)] 4 |5 ()| 415 Ga) - ma | (%) H
) 16 (Es+2) (&5 +3) .

(c) For n = 3 in (3.3), it becomes Simpson type inequality

1 b3 + 2by 2bg + by 1 b4
6[‘3(b3)+2{‘3( s >+z< - >}+S(b4)]_b4—b3ﬁfm d‘l]‘

- (ba—b3)*
h 54
Lm0+ w5
(Es+2)(Es+3)
(R ey
(s +2)(&s+3) '

Corollary 3.6. Suppose a mapping T : J C (0,c*] C R — R is two times differentiable and also that
T € Li(lbs,bal) for b3, by € J with by < by. If | "] is (&, s)—convex function on set J and for & €]0,1] and
e (—1,1], then
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IM(T; 1, b3, by
(by — b3)2 ’ <! ((nfl])lb3+b4> + | Sy (b3)] + |g// (ba) + ‘ x4 <b3+(T71171)b4)
<
2n3 [ (Es+2) (£s+3)
1 [ bat(n—1)bs 11 [ (n—1)bs+by
+(m—2) = () +)i —— . (35)
(&s +2) (&s +3)
Proof. With a case of Theorem 3.4 by putting m, = 1. O

Theorem 3.7. Suppose a mapping T : (0, <-] — R is two times differentiable on 3° and T" € Ly([b3,b4l) for

/my
b3, bs € (0,c*] with by < by. IfIT"|9 is (€, s, m,)—convexity on (0, \%1] q =1, for some (§,m,) € (0,1)% and
€ (—1,1], then below holds:

IM(F;m, b3, ba)]
1 1 [ (n—1)bz4by ) |9
(ba—bs)* (1\'"a[] ¥ (in ) o 03 )]
ST X(e) {{ (Es+2) (Es+3) FmaU(E )| <m>
{ 7 (54)]9 T,<b3+(n—1)b4>q}5
(Es+2) (&s+3) m;n
3 n 17 (Tl—l)b3+|)4 q !
Hw{ i [P S LSS LS } | eo

where U(E, s) is defined in Remark 2.3, and M(T;n, b3, bs) denotes the left-hand side of Lemma 3.1.

+m,U(E,s)

q

YA (b3+(n*1)b4>

Proof. Firstly, we consider the case for ¢ = 1. Now using equation (3.1) with (£, s, m, )—convexity of |T"|
and property of modulus, we have

IM(T; 1, b3, b4)]
2 1
(oo (o

2n3 0 n

o (D34 oty

()] @
m,
(2] ) )
mn
1
+ (n—2)3j U (1—2)
0
T (W‘)‘+m (1-25)°

1
+J T (1-9) <sn“~s T (ba)| +m, (1—25)°

0
X (QYES

Now simplifying (3.7), we get

mpn

T ((n—l)b3+b4)‘ >d%]. (3.7)
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()]

(Z//<b3+(n_1)b4>‘}
mn

3
+(n-2) { (&5 12) (€51 3) + m,U(é,s)

-1
o (=D +b4>}} .
mn
and the proof is completed for q = 1 by using Remark 2.3.
Now we consider the case q > 1. With equation (3.1) and using the power-mean inequality for q > 1,
with modulus properties, we get

T/ ( (n—1)bs+by )

n

(by —b3)? [
= 2nd (Es+2) (s +3)

+m,u (5,5)

T (o)l
- { G512 (g5 3) TmUES)

YA (b3+(n71)b4)

n

[ -]z (m%ﬂl—m)m))dm
=[5 (-7 (02?7 |g" (W o, (1-) (2))]aw

o (e, ) () ]

m,

< [fBeo-w) a1 o)

since | |9 is (&,s, m, )—convex on (0, 1%1]’ we know that for every U € [0, 1]

T/ ( (n—1)bs+by >

n

q

o (et (1-) ()" < 0% Tm, (1-8)° :

m,

()

then we have

Jl (T —0?) dm}l q

X {r (0 — 22 <m£s ! (“‘_ Loy + b‘*)
0

2
IM(T;m, bs,5)| < MH

1

Yoo

q

- +m, (1-2%)°

Al )
’ {J (027 (%“ [T (ba)|* +my (1-0%)°
+(n—2)° {Jl (v—27) dm}lé

0
T,,<|73+(n—1)b4> T,,((n—l)|73—i—b4>

mn m,m

(2
my

q
+m, (1-2%)°

X {E (T —0?) <m58 q) d%}é]. (3.9)

By using the calculas tools, one can have the eq. (3.6). O

Corollary 3.8. Suppose a mapping T : J C R — R is two times differentiable and T" € L1([b3,b4]) for bs,bs € J
with by < by. If [T is an (&, s)—convexity on J for & €]0,1], s € (—1,1] and q > 1, then
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2 1—1
IM(T;n, b3, b4)] < (bg —b3)” " <1> q [{

q
n

(Es+2)(&s+3)

[T (bg) it n—1)h
+{(Es+2)(gs+3)+u(&s) T <n)

T/ (b3+(n*1)|74>

T <(n—1)b3+b4>

q
m3 6 +U(E,,s)$”(b3)q}

q}ﬂ,

o (1)
n

1

q q
} ] (3.10)

Proof. This case is related for Theorem 3.7 by taking m = 1. O

q

n

3
+(“2){ G122 @ g Y&

where U( &, s) is clearly defined in (2.3).

Theorem 3.9. Suppose a mapping ¥ : (0, <] — R is two times differentiable and T € 11([b3,bal) for b3, by €

(0,c*] with by < bg. If|T"|9 is (E,—l,ml)l—convexity on (0, ;—l] q =1, for some (§,m,) € (0,112, then the
following inequality holds:

‘M(T/n/ b3l b4)|

1

1 i ( (n—1)bs+bs ) |9 q

(by—b3)> /1\' @ T (in ) m, [ (3 2 o D3\ ]9
S o x(e) [{ 2—¢&)(3—¢) +£[\y<£>w<£>] * (m)
g Q) () (o) )

m;n
<! <b3+(n—1)b4) q _

3 n my g B % (M —1)b3+by

”“2){ 2-8)(3-8 +a[w(a> w(aﬂ * < mon )

where W(-) is defined in Remark 2.3 and M(F;n, b3, bs) is the left hand side of Lemma 3.1.

1

q } ‘
], 3.11)

Proof. With equation (3.1) and using the (&, —1, m,)—convexity of | | and the property of modulus, we
obtain

_1
1‘1

2 1
M1, bs, )| < M[{J (0 —2?) dm}

2Tl3 0
X {r (B —2?) <m5 ’ T (m_”b““) T <b3> q) dSU}q
0 n m;

1 q
+{J (U —2%) dm}
0
g/ <b3+(n_1)b4>

q q
) dyu
mpn

_1
1q

1

9 1
+m, (1—2%)

1
X {J (9-2?) (mé T (5)|* + m, (1—25) "
0

+(n—2)° {Jl (3 —?) dm}

0
« {Jl (30— 0?) (%’E‘T’ <b3+(n—1)b4> q—i—ml (1_ma)*1 < ((n—l)b3+b4> q) d%}q].
0 mn mn
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After simplification with using Remark (2.3), we get (3.11) .
Theorem 3.9 is finished. O

Remark 3.10. If we take n = 2, it reduces to (Theorem 3.2, [12]).

Corollary 3.11. Under the suppositions of Theorem 3.9, we get

IM(F; 1, b3, by)l

n—1)b304 q %
N e G ) | R E AN
S o X<6> [{ €_2)(£_3) +5Ma Jy(aﬂ [T (3)]
TS 1 (3 2

+{(2—a)(3—a)+a[w<a>_w<a>]

T ( b3+(“*1)b4> q

3 n Tly(3) _w(2 4 ]
+n 2){ 2-0 (B¢ +a[w<a> W(a] } - B12)

Proof. This case is related for Theorem 3.9 by taking m, = 1. O

o=

n

Theorem 3.12. Suppose a mapping T : (0, ;—J — R is two times differentiable on J° and T € Ly([b3,b4l)
for b3, bs € (0,c*] with by < by If [T"]9 is (&, s, my)—convexity on (O, ;—l] for q > land q > w, for some
(&, m;) € (0,11%2and s € (—1,1], w >0, then below holds:

1
(by — b3)? 2q—w—1 2q—1\\"" ¢
: < —
M bs,ba)l < =52 (B (= =

q

T/ ( (n—1)bs+by )

n

x[{ (& Twil) +m,pw+1,Es+1)

1T (bg)|
" { (Es+w+1)

()
m

1
q
q}

q}?,

+m,pw+1,Es+1) o
1

Y bmt—lm q . q a
+(n2)3{ ((E,s+w+1)) FomB (w1, Es+1) s”(W) ] (3.13)

where f3(.,.) is defined in Remark 2.3 and M(%;n, b3, b4) is the left hand side of equation (3.1).

Proof. With equation (3.1) and using the’ integral inequality of Holder along with (&, s, m,)— convexity of
| |9 we have

2
IM(T;m, ba, ba)| < A—28)
n3

1 -3
J Yt (1—g)a1 dm}
0
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1
5 {J <mw'§,, (m(“ Tgm )by

0
1 _l
q
{J Wt (1—)at dm}
0

1
X{J <Q3W"I” (sz]b4+(1—m bst(n—1)by q> d‘B}

0
1 _q_
+(n—2)7° qul (1—)a1 dY
0

1
X{J <mw‘3,,<mb3+(r;—1)b4+(1_m( )b3+b4 }

1
x {J DI <m‘is T (bg)|* +m,y (1)
0

1 -5
+(n—2)° {J Pt (1—y)aT dm}
0

- <<n—1)b+b> ) dm}q}

m;n

Corollary 3.13. Suppose a mapping < : (0, ;—H — R is two times differentiable on J° and T" € L;([bs, bal) for

b3, ba € (0, c*] with by < by. If[T"|9 is (&, s)—convexity on (O, ]for q > land q > w and as for & € (0,1]? and
e (—1,1], w>=0, then

_ q
T <b3+(n 1)b4> tm, (1_5135)5

mn

X {E DI (m‘is

By using the calculas tools, one can have the eq. (3.13). O
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1
' (by — b3)? 2q—1 2g—1\\'"«
M s b0l < 03 (B (L T

YA ((n—l]b3+b4) q

n

x[{ (&1 1) +m,B(1,&+1)

{ [T (by)|
(&s+1)

3:// bi
m,

m,n

+m,B(1,&+1)

q a

s <(1’l—1)b3—|—b4> ’q} :|, (3.14)
mmn

Proof. Under the supposition in Theorem 3.12 as for w = 0. O

n

+(n2)3{ T + mB(1,Es+1)

YA <b3+(n71)b4)

where f3(.,.) is the beta function defined in Remark 2.3.

Corollary 3.14. With same assumptions in Theorem 3.12 and Corrollary (3.13) , if m, =1, then

1
. (bg —b3)? 2g-1 2q— 1)\«
IM(T; 1, b3, bg)| < Tomd x| B ﬁ/ﬁ

1
q

T <(n—1)b3+b4

n

q
)‘ 1/ q
x[{ e B Es )T G }

o <b3+(n—1m> q}é

n
:Z// (b3+(1’171)b4> 9 ( . 1 q K
3 n 1 n )b3+b4
+(n—2) { D L B(LEs+1) |T (n) ]

1" q
g

(£s+1)

4. Further Results by New Holder and Improved Power Mean Inequalities(IPM):

In [20], S. Ozcan and 1. Imdat in 2019 gave a new and different representation of "Holder’s -Iscan integral
inequality” which is the modified form of "Holder’s integral inequality’. We use the ability of this tech-
nique and obtained inequalities for the integrals which gives better results than the ’classical Holder’s
integral inequality’.

Theorem 4.1. Suppose a mapping g : (0, I%] — R is two times differentiable on J° and T" € L1([bs,b4l) for

ba,bs € (0,c*] with by < by If |T”|9 is (&, s, m,)—convexity on (0, :TH for q > 1, as for (§,m,) € (0,1]? and
€ (—1,1], then below holds:
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IM(T; 1, b3, by

o=

SNx(B(p+1, p+2)

n ( (n—=1)bs+by ) |9 %
| bl G | I o (2
(Es+2)(&s+1) Es+2 m,
T/ ((n—l)b3+b4) q b q q
n n 73
—I—{ (&5 12) +m,B(Es+1,2)|F (m1>

[T (by)| my | (b3 (m—1)bg\ |97
+{(Es+2)(58+1)+58+2'$< mn > }
1 q o q %

1
o (bt (ntoy | |9 ) O
-~ G | N oo ()

(Es+2)(Es+1) Es+2 m;n

1
< (bsﬂn—lm) q q

n g <(“_1)b3+b4> q} )] 4.1)

—i—{ (Es+2) +m; B(&s+1, 2) e

where N = (b4 —b3)* and M(T;n, b3, by) is the left hand side of Lemma 3.1.

2n3

Proof. With equation (3.1) and using Holder-Iscan integral inequality [ Theorem 1.4, [20]]
and (&, s, m,)—convexity of |Z”|9, we have

! 5
IM(Z; 1, b3,b4)] <N x {{(J P (1_;n)p+1 d‘l])
0

—_

Tlfl)b3+b4
n

><<J1 (1—&3)\@’(@( +(1—m)b3)\qdm)q}

i <zn(n - 121b3 41—y b3>

1 q 3
Jm d‘l]) }
0
1 5o/ 3
n {(J PP (1 — )P+ d‘ﬁ) (J (1—2) |3 (mb4+(1—m) W‘”“) qd‘li) }
0 0 n
1 q T
+ {(J gP+l (1 —y)P dEII) ( d‘l]) }
0

+ (mn=2Px

Sl

1
|
0

o <snb4+ (1—g) 2t =1 b‘*)

n
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{{(ﬂ (1-2)0°(1-9)" diU)é

y (Jl (1_%)“{”(%b3+ (Tl—l)b4 n (1—%) (n—lzlb3+b4)}qdm) 1

0 n

{(J QL (1 )7 dm)
(L

15

al
—

1
_ q a
s” gt n=lb g gy baths 1)b3+b4> dQ]) }}} 4.2)
n n
Note that
1 1
Jmp (1—g)PH! du = Jmpﬂu—m)r’ dy = Blp+1,p+2). (4.3)
0 0
Since [T"[9 is (&, s, m,; )—convexity on [b3, ba].
1 (n—1)bz +by q
J (1— ) |5" (mn+(1—mb3) dy
0
1 _ q q
o (2 0w (2)] o
0 1

(n—1)bs+bs ) |9
Z”( nS 4)

= (Es+1)(Est2) =™

(3

&s+2 (44)

_ q
T <m(“1b3+b4 L (1—) b3> 4w

T/ (M —1) b3+ by g
n

T/ ( (n—l)b3+b4> q

+m, (1—517‘5)5

< (o) b

m, | —= B(&s+1,2) (4.5)
m

1

— n +
B Es+2

and

f (1)

0

_ q
T <mb4+(1—sn) b3+(r:1 1)b4>

1
< J (1-2) {m‘is T (04)|* +m, (1—2%)°
0

dy

q}

dsg
mn
b 1)b

B (b4)|q o T/ ( 3+n;nn ) 4)
1

T (Es+1) (Es+2) £512 (4.6)
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and

1
| @
0

q
d’y

< (m FTERE hd WL (“n_ 1 b4>

1
< J U {mﬁs T (54)]* +my (1-2%)°
0

q
bav

mpm
1 q _ q
_ et T,/<b3+(n 1)b4> 1.2 @)
Es+2 mn
and
1 _ _ q
[} [ (B gy (D) gy
0 n n
1 _ q _ q
< J (1— ) {mis g (b3+(“ 1)b4)’ +m,. (1-905)° |3 ((n 1)b3+b4> }dm
0 n mmn
< (b3+(n—1)b4) q Y ((n—l)b3+b4> g
_ n +m e (48)
(Es+1) (&s+2) Es+2
and
1 _ _ q
0 n n
1 _ q _ q
< J D] {%is Z//(bi%‘i‘(n 1)"4) +m, (1—%5)8 (Z”<(n 1)b3+b4) }d‘ﬂ
0 n mpm
:3'// <b3+(n—1)b4> q (n 1)b q
_ n i ((M—=1)bs+bs
= P, +m; |T ( o > B(&s+1,2). (4.9)
By connecting the equations (4.3), (4.4), (4.5), (4.6), (4.7), (4.8), (4.9), with (4.2) yields (4.1). O

Corollary 4.2. With same assumptions as theorem (3.5), if we choose m, =1, then below holds:

(n—1)bs+by \ |9 %
il G | M x"(bg)"}

IM(F;1,b3,b4)[ < N x (B (p+1, p+2)> [{ (Es+2) (Es+1) &s+2

q a

n

1" q
+{ A +B(Es+1,2).|T" (bs)] }

T <(n*1)b3+b4)
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+{ 1T (b4)|? 1
(Es+2)(Es+1) E&s+2

o (2t n )
n

n

[T (ba)|
+{(ES+2) +B(Es+1, 2)

q

b3+ (n—1)b
z//( 3 S 4) 1

3
(n=2) [{ (Es+2) (Gs+1) | Es+2

T/ (b3+(n—1)b4>

n

—l—{ (&5 12) + B(&s+1,2)

< (ﬁl—%w)

n

q

n

where N—L‘rb“‘)2
- 2n3 -

3 ml] — R is two times differentiable on J° and T" € Li([bs,bal) for

b3,by € (0,c*] with by < by. If IT"|9 is (&, s, m,)—convexity on (0,:1—*1], q>1, forsome (§,m,) € (0,1]? and
€ (—1,1], then below holds:

Theorem 4.3. Suppose a mapping T : (0 ¢

IM(%T;m, b3, by)l

q
B(E&s+2,3)+m,

! bi
m,

g <b3+(n_1)b4>‘q B(Es+3, 2)>q

mn

mn

. 3
B(Es+2, 3)) }} (4.10)

1
1\7»
<N
(n—=1)bg+b
‘IN< n3 4)

( (Es+3) (Est4) = ™

o (1)
n

" <b3) Ry 2))q
m;

q

q

B(Es+2, 3))

+ < 1" (bg)|T B (Es+2, 3) + m,

+ (n_2)3{ (‘3// (b3+(n_1)b4>
n

q
B(&s+2,3)+m,

q q
B(Es+3, 2))

q

T/ <b3+(n—1)b4>
+( (E5+3) (Est4) ™™

gu <(n—1)bs+b4)

mn

where N = (b‘*zlbf)z and M(E;n,bs,by) is the left hand side of Lemma 3.1.

Proof. With equation (3.1) and applying the IPM-Iscan integral inequality [ Theorem 1.5, [20]]
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and (s, m,)—convexity of | |, we have

1
IM(E5m, b3, ba) < N x {{ (J 1-2 am)
0

g/ <Q](1’L—1)b3+b4 ) bs dm)

)

1
X(J (1—2)% (1)

1 % 1
4 (J 22 (1—0) cm) (J 202 (1—2) |3 (m(“_l)b“b‘* +(1—2) bg)
0 0

n
1 b
n { (J (1-2)9 (1—9) d%)
0

T <mb4+ (1-) <b3+ (“_m‘*))

n

S (mb4+ (1—) (bf‘* m‘”“))

1

q q
dy

1

q q
d%) }
1
+ (n—2)3{ (J (1-2)0 (1-) d%)
0
o <m<b3+(n_1)b“>+(1—m) ((n—l)b3+b4)> qdm>q
n n

+ (Jlmz (1—92) d%)
0

X(fmzu_myy<m(%+m—UM>+u_ﬁnCn—ﬂ%+h>>
0 n n

q q
m) }}
Since T[4 is (&, s, m; )—convexity on [b3, ba].

o (s () 4 )|

o (L)

mpm

‘ZH bi
m,

1
y (J (1—-0)0 (1—)
0

1 1
+ (J 2% (1—9) d%) (J V> (1-)
0 0

T |=

n

bl

1
y (J (1—0)0 (1—)
0

T

1
J (1—0)9 (1-) v
0

1
< J Dy (1—m)z{m55 +m, (1-2%)°
0

E (n—1) bz +bs\ |
m,n

(2 q} 4
q

B(Es+3, 2) (4.11)

B(&s+2,3) +m,

and
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T (Q] <(n_1)nb3+b4) +(1—2) b3>

< <(“—1)b3+b4>

mpm

(2
m,

1 q
J 0% (1—2) dsy

0

1 q
< J 02 (1—9) {més +m, (1-2%)°

0
T/ ( (n—1)bs+by )

m;mn

(&s+3) (&s+4)

q

v(2) e
q

B(Es+2, 3) (4.12)

+m,

and

q
dy

T <b3+(n—1)b4>

mn

1
J 1-2)9 (1-9)
n

0

T <mb4+ (1-) (b3+ (“_1”4))

1
< J U (1-9) {mis T (ba)|* +my (1—-2%)°

0

mpn

q
}dm
q

= T (04)]"B(Es+2, 3) + m,y B(Es+3,2) (4.13)

and

q
4y

Jl (1—2)0 (1—)
0

5 <Q] <b3+(n—1)b4> - <(n—1)b3+b4>>
n n

T <b3+(1’;_1)b4>’q+ml (1—%‘2)5 T <(T1—1)|)3+b4>

q
}d%

< r 01— 0)? {mis

0 mn
_ q _ q
— | (b3+(n 1) b4>‘ B(Es—i—Z, 3) + m, s ((n 1)b3+b4> B(ES+3, 2) (4‘14)
n mn
and
1
J W (1-9) |5 <m <b3+(“_1)b4> +(1- ) <(“_1)b3+b4>> "
0 n n
1 _ q _ q
< J mz(lm){mis T (b”(“ 1”4) +m, (1-08)° |37 <(“ 1)"3”4) }am
0 n mmn
S <b3+(?:1)b4> q (n—l)b3+b4 q
and
1 1 1
J 1-V)V(1-Y) d¥ = J B2 (1-0)dy = o (4.16)
0 0

By connecting the eqns. (4.11), (4.12), (4.13), (4.14), (4.15), and (4.16) and get the eq. (4.10).

The proof is completed. O

Corollary 4.4. With same assumptions as theorem (3.6), if we choose m, =1, then the following inequality holds:
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1 P
IM(T;m, bs, 54)] < N x < )

A *

_ q q
S"(m'lgw+m> B&x+2,@+ﬂ@%%ﬂqﬁﬁs+3,a>

YA (n—1)b3+by
(e (e
( (Es+3) (Es+4)

q a

+ [T (b3) [V B (Es+2, 3))

‘3// <|73+(T1—1)b4>'q [3(5’5_1_3, 2)>q

n

< <(n—%+b4>
n

+ < T (04)|7 B (Es+2, 3)+

+ (TI—Z)B{ <i// <b3+(n_1)b4)
n

q

q
B(Es+2,3)+ B(&s+3,2)>

1

< (M) g (1)) q q
n 1" - 3+b3
*( I i G WG IE) I R
where N:(b%nb;)z,

5. Application to special means

Now we let us consider some special means for arbitrary different positive real numbers b3 and by (see
[22]).

The arithmetic mean
A (b3, by) = 224 b3,by € R With bs, by > 0.

The geometric mean

G (b3,bg) = (b3b4)

N

b3,bs € R with bs, by > 0.

The harmonic mean : H (b3,b4) = bzsbjbbi b3, by € R\{0}.

The logrithemic mean

b3 if b3:b4 and b3,b4>0
L (b3, by) = _ .
Dar24) { ke if by # by

The Generalized logrithemic mean

b3 if by =bhy

Ln (bg,ba) =4 pprioppt
n (03,04 { iy A A b , n€ Z\{~1,0};3,b4 >0
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Proposition 5.1. If k € Z\{—1,0} with bz, by > 0,the we have the following inequality

k k
ZA“(bg,b4)+(n—1){<lwn_1)b4> +<("_1)nb3+b4> H—L}z(bm)

<N(rs(p+1,p+2))pk(k—1)

1
2n

|

1
'(m_lw‘)kzq waa) ‘(m—ﬂbsm)kzq a
x[ " ’bsi ‘ " _kufz‘q BlEs+1,2)
(&s+1) (§s+2) Es+2 Es+2 3 ’
k—2149 3
bat(n=1)5 \ 2|1 ¥
e (O
(Es+1) (&s+2) Es+2

Q=

pE2T [/t (n—1)b\ <"
+<E,s+2+ ( - ) B(&s+1,2)
q a\ a
<b3+(n—1)b4) k=2 ’ ((n—l)b3+b4)k*2 |
3 n n
-2
T2 { (Es+1) (&s+2) £s+2
q 1
(b3+(n—1)b4>k_2 .y d
n (mM—1)bg+bg\
—_— 1,2
+ £5 12 + < = BlEs+1,2) ,
Ry
where N = %
Proof. This assertion follows from Corollary (4.2) for T (x) = x* and k is defined as above. O

Proposition 5.2. If k € Z\{—1,0} with bs,bs > 0,the we have the following inequality

k k
il ZAn(b3,b4)+(n_1){<wn—1M) o (el H‘”‘m“)
k—2|4 3
<N xT[('(W) B(Es+2,3)+\b‘;—2|q6(£s+3,2)>

o=

‘((nl)b3+b4>k_2 g
n

+pk2B (g5 +2, 3)

* (Es+3) (Es+4)
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k—2149 %
<b+(n—1)b> B(Es+3, 2)>

+ (\b};‘z\q B(&s+2,3)+

n
+(n—2)°
k—2|9 k—2|9 q
><{ ('(b?’*(“_”“) B(Es+2,3)+ <(n_1)b3+b4> B(Es+3, 2)>
n n
o1 T
b3+(n—1)b4>k 2 a 9
n (n—1)b3+by k=2 }]
2 ,
" (&s+3) (Es+4) " ( n ) plest2,3)
where N = (b‘*z;bf)z.
Proof. This assertion follows from Corollary (4.4) for T (x) = x* and k is defined as above. O
Proposition 5.3. Let p > 1 with q(p—1) =pand 0 < b3 < by
(]_—1 (b3, bs) — 1) _ lA (Inbs, Inby) — L_lA <ln <b3—|—(n—1)b4> In ((11—1)|73-i-b4>>
n n n n
) L1 ‘ n2 q q %
(bg —b3) <1> B [ (n—1)bs+bs)2 1[ <3> <2>} 1
< ——— - +-|¥Y( - )-Y(= )| |5
w3 "\ (£-2)(-3) " &| \g& &) 1193
q 1
1 ql|
b? 1 3 2 n?
T g U —— T _w()}
(2-¢&)(3-¢) E{ (5) &)1 | (b3 + (n—1)by)?
w0 .
— 2 1 3 2 n
oy J [Tar =) +[\y<> _xy<>] }
=2 s e-0 TelP\e) e (1) e
Proof. This assertion follows from Corollary (3.11) for ¥ (x) = —Ilnx; where x > 0. O]
Remark 5.4. 1. If we choose n =1 in proposition(5.3), it reduces to
|(L7! (b3, bs) — 1) — A (Inb, Inby)|
2 11 1 q q %
() e 6 G
< = 2¢ ————+ - ¥ = |=-Y=)]| |5
2 “\6 (£-2)(£-3) " & \¢& &) 1193
1|9 q a
il ) @R ]
-2+ Y| =Y | |5 . (51
2-606-8 £ \& INE: 6D
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2. If we choose n = 2 in proposition (5.3), it reduces to

(L7 (b3, ba) — 1) — %A (Inbs, Inby) — %A <ln <b3 i b4> ,In <b3+b4>> ‘

2 2

o=

q

S A I8 B (el R U E
ST 16 X(a) [(a—z)(a—sﬁa[w(&)_w(&”

q

1
&

L N
¥ u—ﬁm—a*i[‘l’@)“y(imﬁw | 62
3. If we choose n = 3 in proposition(5.3), it reduces to
(L7 (3,04) — 1) — 3 A (Inbs, Inby) — 2A <ln (W*) In <2b33+b4>> ’
(bs—b3)®  [1\' @ ‘(zbsgwq 1[ (3 N1l
<2551 (5) e G) 0]z
19 )
Aeveo M) 05
‘#‘q q) @
sezasg ) 6] a1

6. Conclusion

In many practical investigations, it is necessary to bound one quantity by an-other. From algorithm
programming point of view, it is interesting to have the classical inequalities having smallest upper limit
because it plays an important role in optimization theory. We have demonstrated various new general-
ized integral inequalities involving (&, s, m,) convex functions for extended case of s when s € [—1,1].
Consequently, we found inequalities of the Hermite Hadamrad kind. When we connect to ¥—Gamma
functions, the extended case for s = —1 is the most intriguing. We use various Holder inequality variants,
such as Holder-Iscan inequality and Improved Power mean inequality, to analyze new upper bounds in-
volving special functions. We hope our results attracts attentions of many researchers working in the field
of inequalities and enables them to think further for other generalized convex functions. Finally, if the
convex function of two variables defined in the interior and on boundary of a square, then it has a finite
upper bound. This is an effective concept in optimization theory. The works above can also build-up for
a convex function of two variables.
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